Inequalities for the zeros of dirichlet L-functions  by Ryavec, C.
lnequalltles for the Zeros of Dlrlchlet L-functions* 
C. Ryavec 
University of California at Santa Barbara 
Santa Barbara, California 93106 
Dedicated to Alston S. Householder 
on the occasion of his seventy-fifth birthday. 
Submitted by Emeric Deutsch 
ABSTRACT 
Let x denote a primitive, Dirichlet character to the modulus q >i, and let L(s,x) 
be the corresponding Dirichlet L-series defined by L(s, x) = Xx(n)n -‘, s = u + it, for 
(I > 0. It is of interest to know where the zeros of L(s, x) are located, since the 
location of these zeros would yield important results in number theory. In this paper, 
we show that the spectrum of each member of a certain class of Hermitian matrices 
leads to an explicit zero-free region for L(s,x). 
Let x denote a primitive Dir&let character to the modulus q > 1, and let 
L(s,x) be the corresponding Dirichlet L-series defined by 
L(s,x)= 5 x(n)n-‘, s = c7 + it, (1) 
?l=l 
for u >O. In 1886, Piltz conjectured that all nonreal zeros of L(s,x) lie on the 
line u = $. The truth of this conjecture would have many important con- 
sequences, especially in prime number theory. Roughly speaking, the greater 
the degree to which the zeros of L-series can be excluded from portions of 
the critical strip s = {s = u + it : 0 <u < l}, the better is the knowledge of the 
distribution of prime numbers. For example, it would be of important 
theoretical and practical value to know that no L-series with modulus q can 
have a zero within (41nq( - ’ of unity. 
In the present paper we show that the spectrum of each member ot a 
class of Hermitian matrices leads to an explicit zero-free region in s for an 
L-series. The possibility exists, therefore, that an accurate determination of 
these spectra can lead to a proof of Piltz’s conjecture. As a first step in the 
derivation of zero-free regions of L(s,x), we need an integral representation 
for L(s,x) valid for 1 >a > $. This is given by 
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LEMMA 1. Let X be a primitive Dirichlet character to the modulus q > 1, 
and let L(s,X) denote the corresponding L-series defined by (1) for u >O. 
Then for 1 >a) f , we have the representation 
_ !?s)L(sd = 
S s mE(u)u-“-‘du 0 
where 
E(u)=uL(l>X)- *Tu znXjd). 
Proof. When u > 1, we have the representation 
S(+(s,x) = i;u-“dT(u) 
where 
Put 
=s s ImT(u)u-s-ldu, (3) 
E(u) = uL(l,x) - T(u), 
and note that when u > 1, 
I muL(l,x)u-“-ld~= L(Lx) 1 s_l . 
In Lemma 2 it will be shown that IE(u)l <Cui- as u+oo, where C >0 and 
where E >0 is some small constant. Assuming this result for the moment, 
then for IJ > 1, we see from (3) and (4) that 
i+)L(sd = 
S I wqu)u-~-ldu 
=~~~uL(lx;-e(n),~-‘-‘du 
L(Lx) =---- 
S-l I mE(u)u-“-‘du, 1 (5) 
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which provides the analytic continuation of (5) down to u > i. But when 
O<o<l, we have 
L&x) ~ = - L(l,x)psdu 
S--l 
=- s luL(l,x)u-“-‘du 0 
=- 
J 
‘E(u)u-“-‘du, (6) 
0 
since E(u) = uL(l,x) for O<u < 1. Combining (5) and (6) yields the lemma. 
n 
LEMMA 2. There exists an E > 0 and a constant C >0 so that the 
estimate /E(u)1 <Cuf -’ is valid fm all u >O. 
Proof. The proof that ]E(u)] < CU f P-C holds can quickly be reduced to a 
proof that 
pn,( ;) =o(uk-y. 
In order to establish the latter estimate, we first divide the range of 
summation into three parts, [l,~~], (u~,u~-~], (u~-~,u], where $ <a< Z$ will 
be chosen later. We immediately see that 
By partial summation, with S(m) = x x(n), we also have 
u’-“<tl<m 
au 2 1 
u’-a<m m(m+l) 
+Ua 
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since, for fixed u, the number of discontinuities of {u/x}, ul-O <x <u, is no 
more than u”. To estimate the sum over the middle range, we appeal to a 
result of I. M. Vinogradov [ 1, p. 1621, which asserts that if k > 1, A >25, 
Q <R, and if f(x) has a second derivative which satisfies (LA-’ < f”(r) < 
A-’ for Q<x<R, then for each e>O, 
Q<r<CR 
+O(kAt+‘(~+l))* 
We divide the sum 
into 9 parts, and apply Vinogradov’s result to each internal sum with 
f(x) = u/(xq + n) and with 
ua-n Q=_ R u ‘-a-n 4’=4’ 
(Note that the parameters satisfy the conditions of Vinogradov’s theorem for 
all sufficiently large u.) We obtain, then, for each n, 
Since ‘jj’ x(n) = 0 , we see that for each e >O, 
n = 0 
2 x(m){ :)I ad-8Q+Y 
tL”<t7Z<U’-” 
Noting that a = $ < $ satisfies the equation a = 7 -8a, the lemma is estab- 
lished. q 
LEMMA 3. For all x>l and all s=a+it with l>a>i, 
- x-“qs>x)s(s) + Wx) 
s 
___ =p( +-‘du. 
x(s-1) 
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Proof. With x> 1, make the substitution u= v/x, du=dv/r in (2) , 
multiply both sides by x-“, and then divide the range of integration into 
(O,I)U(I,~). s ince x > 1, the integral over the interval (0,l) equals 
L(l,x)[x(l-s)]-‘, which yields (7). n 
COROLLARY 4. For all x > 1, the equation 
L(l,x) ~ = i”E( ;)u?ldu 
x(s - 1) 
is true for some s with 1 >a> i if, and only if, s is a zero of {(s)L(s,x). 
In preparation for the main theorem, we shall need some definitions and 
notation. Define a function k(x, y) by 
for x, y > 1. [We note that k(x, y) = k( y, x) is defined because of the estimate 
[E(u)] < CUE U-C noted earlier.] Let X = (xi, x,, . . , , x,) be a point of En such 
that l<x,<x,<~** <x,; we refer to such a point as an ordered point of E”. 
For any ordered X in E”, form the n X n Hermitian matrix A = A,,(X) = 
[k(r,,x,)], 1< 2,m <n. Then A has real eigenvalues Xi Z A, > . * . > & and 
corresponding orthonormal eigenvectors e,, ea, . . . , e,, where e, = 
(ekl. ekz,. . . , eJ, 1 < k < n. Finally, let a,,(X) be defined by 
where X - ’ denotes the vector (xl ‘, XL ‘, . . . , XL ‘). 
It will be important to know that Q”(X) is defined and positive. This 
follows from 
LEMMA 5. For each ordered X in En the eigenvalues of A,,(X) are 
positive. 
Proof. Let L2 denote the space of square-integrable functions on (1, co) 
with the usual inner product 
(f,g) = irnfc. 
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Consider the function 
for some fixed choice of the coefficients t,, . . . , t, and for some X in E”. If 
f(U) is not the zero function on (1, co), then 
= Ilf II2 
>o. 
If it can be shown, then, that f(u) is the zero function only when t, = tZ 
=... = t, = 0, it will follow that the eigenvalues of A are all positive. But 
this follows from the fact that if N is the least positive index for which t,#O, 
then f(u) has a jump discontinuity at u = X; i. 4 
THEOREM. Any zero p = j3 + iy, i </3 < 1, of L(s, x) must satisfy 
where 
a= sup sup@JX). 
n>l x 
Before beginning the proof, we observe that (8) defines a zero-free region 
for L(s,x) about unity, since L(1, x)#O and @ >O. If it could be shown that 
@ = co, then the Piltz conjecture would follow. If it could even be shown 
that @ is unbounded in 4, the modulus of x, important arithmetic con- 
sequences would follow. At present, nothing is known about Cp. 
Proof of Theorem. Again we let L2 = L2(1, co) with the usual inner 
product. For each ordered X in E”, we construct n orthonormal functions on 
(Loo) as follows: Let &=&(X) be the eigenvalues and ek=ek(X)= 
( eklTek2p..., e,), 1 <k <n, be the corresponding orthonormal eigenvectors of 
A,,(X). Define 
, lfk<n. 
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Then 
= (Xkxj)-1’2(Xkek,ei) 
= ski, 
and the functions (m,(u) are orthonormal on (1, co). Now assume that p= p + 
iy, + </? < 1, is a zero of L(s,x). Then the function 
h,(u)=0 
is in L2. We apply Bessel’s inequality to obtain 
,zl I(% h,)12 g II +?l12 
= 
J 
00 
u-pu-“du 
1 
=(2/3-l)-‘. 
We evaluate the inner products (qk,k,J using Corollary 4. ‘I’b 
(9) 
= -X~l~z(p-l)-‘(X-‘,ek)L(I,~). 
Combining (9) and (IO) yieIds the theorem. 
(10) 
n 
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